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A linear combination question

Breakout: Suppose you are told that when you form a linear
combination of a function f(t) and its derivatives f’(t) and
f”(t), you get —3e®t. What is the most general f(t) that this

could be from?
(a) Acos3t
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Breakout: Suppose you are told that when you form a linear
combination of a function f(t) and its derivatives f’(t) and
f”(t), you get —3e®t. What is the most general f(t) that this

could be from?
(a) Acos3t

c1 f(t) + sz/(t) + C3f//(t) = —3¢%



Finding any old (not general) solution

Example: Find any solution to the nonhomogeneous DE

y"(t) +6y’(t) + 25y (t) = 8e ' 3min
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Finding any old (not general) solution

Example: Find any solution to the nonhomogeneous DE

y"(t) +6y’(t) + 25y (t) = 8e ' 3min

v

Using insight from previous question: guess y(t) = Ae™ 't

y'(t) = —7Ae " and y"(t) = 49Ae™ "t

v

Substitute into DE:

v

49Ae™ " + 6 (—7Ae” ™) +25Ae Tt =8e "

v

P2Ae "t =8t = A=1/4

> A solution:



Finding a particular solution

Example: Find any solution to the nonhomogeneous DE

y"(t) +6y’(t) + 25y (t) = 8e ' 3min

v

Using insight from previous question: guess y(t) = Ae™ 't

y'(t) = —7Ae " and y"(t) = 49Ae™ "t

v

Substitute into DE:

v

49Ae™ " + 6 (—7Ae” ™) +25Ae Tt =8e "

v

P2Ae "t =8t = A=1/4

v

A particular solution:
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Breakout: Suppose you are told that when you form a linear
combination of a function f(t) and its derivatives f’(t) and
f’(t), you get cos3t. What is the most general f(t) that this
could be from?
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Another linear combination question

Breakout: Suppose you are told that when you form a linear
combination of a function f(t) and its derivatives f’(t) and
f’(t), you get cos3t. What is the most general f(t) that this
could be from?

(a) Acos3t
(b) Asin3t
(c) Acoswt
(d) Acos3t + Bsin3t

af(t)+ of '(t) + c3f "(t) = cos 3t

Must choose both sine and cosine since when taking derivatives
they ‘go to each other’



Guessing the form of a particular solution

Task: to find a particular solution y,(t) to:

y"(t) +ay'(t) + by(t) = £(t)

[Table 1.2]

Form of f(t)

Guess for y,(t)

Ceat

Aeat
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Guessing the form of a particular solution

Task: to find a particular solution y,(t) to:

y"(t) +ay'(t) + by(t) = £(t)

[Table 1.2]

Form of f(t)

Guess for y,(t)

Ceat

ccoswt or csinwt
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Aeat
Acoswt + Bsinwt
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Guessing the form of a particular solution

Task: to find a particular solution y,(t) to:

y"(t) +ay'(t) + by(t) = £(t)

[Table 1.2]

: Undetermined coefficients method

Form of f(t)

Guess for y,(t)

Ceat

ccoswt or csinwt
ce®t coswt or ce*t sinwt

ag +ait +--- + apt”

Aeat
Acoswt + Bsinwt
Ae®t coswt + Be®t sinwt

by + byt + - -+ + byt"

Substitute, simplify, and match coefficients!
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Undetermined coefficients examples
Example: Find a particular solution to y”(t) + 4y(t) = 5cos 3t
> Guess yp(t) = Acos3t + Bsin3t
(A and B are the ‘undetermined coefficients')
¥p = —3Asin 3t + 3B cos 3t
¥y = —9Acos3t — 9B sin 3t
Substituting,
—9Acos 3t — 9Bsin 3t + 4 (Acos 3t + Bsin3t) = 5cos 3t

v

v

v
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—5Acos 3t — 5Bsin3t = 5cos 3t
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Example: Find a particular solution to y”(t) + 4y(t) = 5cos 3t

> Guess yp(t) = Acos3t + Bsin3t

(A and B are the ‘undetermined coefficients')

> y, = —3Asin3t + 3B cos 3t

> y, = —9Acos3t — 9Bsin 3t

» Substituting,

—9Acos 3t — 9Bsin 3t + 4 (Acos 3t + Bsin3t) = 5cos 3t

» —5Acos3t — 5Bsin3t = 5cos 3t + 0sin 3t
» Equate coefficients: —5A =5 and —5B =10
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Example: Find a particular solution to y”(t) + 4y(t) = 5cos 3t

>
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Undetermined coefficients examples

Example: Find a particular solution to y”(t) + 4y(t) = 5cos 3t

>

Guess y,(t) = Acos3t + Bsin3t
(A and B are the ‘undetermined coefficients')

y}, = —3Asin 3t + 3B cos 3t
yy = —9Acos3t — 9Bsin 3t

Substituting,
—9Acos 3t — 9Bsin 3t + 4 (Acos 3t + Bsin3t) = 5cos 3t

—b5Acos 3t — 5Bsin3t = 5cos 3t + Osin 3t

Equate coefficients: —5A =5 and —58B =0
= A=-1land B=0

In general, will have to solve simultaneous equations
yp(t) = —cos 3t



Undetermined coefficients examples

Example: Find a particular solution to y”(t) + 4y(t) = 5cos 3t

> Guess yp(t) = Acos3t + Bsin3t

(A and B are the ‘undetermined coefficients')

> y, = —3Asin3t + 3B cos 3t

> y, = —9Acos3t — 9Bsin 3t

» Substituting,

—9Acos 3t — 9Bsin 3t + 4 (Acos 3t + Bsin3t) = 5cos 3t

» —5Acos3t —5Bsin3t = 5cos 3t + 0sin 3t

» Equate coefficients: —5A =5 and —5B =10
= A=-land B=0

> In general, will have to solve simultaneous equations
> yp(t) = —cos3t

» Guessing both sine/cosine terms is usually necessary, e.g.,
Homework: Find y, for y” + y’ + 4y = 5cos 3t.
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Undetermined coefficients examples

Example: Find a particular solution to y”(t) 4+ 4y (t) = 5cos 2t

» Only change from previous example: 2 rather than 3

yp = Acos2t + Bsin2t

Yp = —2Asin2t + 2B cos 2t and y, = —4Acos2t — 4B sin 2t
(—4Acos2t — 4Bsin2t) + 4 (Acos 2t + Bsin2t) = 5cos 2t

vV v.v. v Y

Problem: guessed solution is part of the homogeneous solution,
so when substituted into the left side it becomes zero!

v

Therefore, each such coefficient goes away = no information!

v

Recall multiplication by t in homogeneous case when we had
difficulties in finding solution. Correct guess:

yp(t) =t (Acos 2t + Bsin 2t)

v

Homework: complete the solution of this problem



Finding particular solution (updated)

[Table 1.2] : Undetermined coefficients method

Form of f(t) Guess for y,(t)
ce™t Aet
ccoswt or csinwt Acoswt + Bsinwt

ce®t coswt or ce* sinwt | Ae® coswt + Be*tsinwt

ap+ait+ -+ apt” by + byt + - -+ + b,yt"

> If any part of the guessed solution is part of the
homogeneous solution, multiply everything by the
independent variable t




Finding particular solution (updated)

[Table 1.2] : Undetermined coefficients method

Form of f(t)

Guess for y,(t)

Ceat

ccoswt or csinwt
ce®t coswt or ce*tsinwt

ag + ait +--- + apt”

Aet
Acoswt + Bsinwt
Ae®t cos wt + Be®t sinwt

by + byt + -+ + byt"

If any part of the guessed solution is part of the
homogeneous solution, multiply everything by the

independent variable t

If there are still parts of the homogeneous solution,
multiply everything again by t




A question

Breakout: What is the correct form for the particular solution
guess for the DE

d? d
K(f - 2d—f +¢p=3e ?
(a) ¢p(x) = Aex
(b) ¢p(x) = Axe*
() dp(x) = AxZeX
(d) ¢p(x) = (Ax + B)e*



A question

Breakout: What is the correct form for the particular solution
guess for the DE

d? d
K(f — 2d—f +¢=3e" 7
(@) ¢p(x) = Ae~
(b) p(x) = Axe*
(c) dp(x) = Ax?e
(d) ¢p(x) = (Ax + B)e*

Need to know homogeneous solution!

MX_20+1=0 = (A-1)2%=0
Repeated root of A =1 = ¢€*
Other solution is therefore xe* = ¢p(x) = CGre* + Coxe*



General solution to nonhomogeneous DE

» For some forms of f(t), we now know how to find a particular
solution yp(t) to

y"(t) +ay'(t)+ by(t) = (1) (1)

» What about the general solution?



General solution to nonhomogeneous DE

» For some forms of f(t), we now know how to find a particular
solution yp(t) to

y"(t) +ay'(t)+ by(t) = (1) (1)

» What about the general solution?
» Suppose you can find the full homogeneous solution
yo(t) = Gy (t) + Goyo(t) to
y"(t)+ay'(t)+by(t) =0
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General solution to nonhomogeneous DE

For some forms of f(t), we now know how to find a particular
solution yp(t) to

y"(t) +ay'(t)+ by(t) = (1) (1)

What about the general solution?

Suppose you can find the full homogeneous solution
yu(t) = Ciyi(t) + Goyo(t) to

y"(t)+ay'(t)+ by(t) =0

[Property 1.8] : (T) has the general solution

y(t) = yu(t) + yp(t) = Cya(t) + Coya(t) + yp(t)



General solution to nonhomogeneous DE

For some forms of f(t), we now know how to find a particular
solution yp(t) to

y"(t) +ay'(t)+ by(t) = (1) (1)

What about the general solution?

Suppose you can find the full homogeneous solution
yu(t) = Ciyi(t) + Goyo(t) to

y"(t)+ay'(t)+ by(t) =0

[Property 1.8] : (T) has the general solution

y(t) = yu(t) + yp(t) = Cya(t) + Coya(t) + yp(t)

For details, see [Property 1.8] in course notes. For a brief idea
of why — what happens when we substitute this into the left
side of (1)?
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Example: Solve the initial value problem

y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1
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(i) Find yp(t) (contains two arbitrary constants)
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Example: Solve the initial value problem
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[Property 1.9] : Solving an initial value nonhomogeneous DE
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(i) Find yp(t) using undetermined coefficients



An example

Example: Solve the initial value problem

y"(t) —4y'(t) +5y(r) =25¢> ; y(0)=0,y'(0)=1

[Property 1.9] : Solving an initial value nonhomogeneous DE
(i) Find yp(t) (contains two arbitrary constants)

(i) Find yp(t) using undetermined coefficients

(iii) General solution y(t) = yn(t) + yp(t)



An example

Example: Solve the initial value problem

y"(t) —4y'(t) +5y(r) =25¢> ; y(0)=0,y'(0)=1

[Property 1.9] : Solving an initial value nonhomogeneous DE

(i) Find yp(t) (contains two arbitrary constants)

(i) Find yp(t) using undetermined coefficients

(iii) General solution y(t) = yu(t) + yp(t)

(iv) Then, and only then, use initial conditions to find solution
to initial value problem



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

»y"—4y'+5=0 = N -4\+5=0



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

»y"—4y'+5=0 = N -4\+5=0
> )\ = 4i\/§6—20 B W



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

»y"—4y'+5=0 = N -4\+5=0
>/\:4i7v§6_20:2ii = yp(t) = Cie*tcost + Gre®tsint



y"(t) —4y'(t) +5y(t) =25¢> ; y(0)=0,y'(0)=1
>y —4y'+5=0 = XN —-4\+5=0
A= VIED 54 o () = Geteost + GeXtsint

An examﬁ)
Example: Solve the initial value problem

Form of f(t)

Guess for y,(t)

Ceat

a0+ art+--

Ceat
ccoswt or csinwt
coswt or ce®tsinwt

+ apt”

Aeat
Acoswt + Bsinwt
Aet coswt + Be® sinwt

by + bit +---+ byt”




An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

»y"—4y'+5=0 = N -4\+5=0
> )\ = 4EvI6-20 Véﬁ_zo =247 = yu(t) = Ge*tcost + Ge’fsint
> Guess y,(t) = At +Bt+C = y,=2At+B,y) =2A



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

> y"—4y'+5=0 = N -4\45=0
>)\:4i§@:2ii = yp(t) = Cie*tcost + Gre®tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

v
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An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

»y"—4y'+5=0 = N -4\+5=0
» A=20 — 04 = y(t) = Geffost + Getsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A — 4(2At + B) +5 (At? 4+ Bt + C) = 25¢2
(5A)t?> +(—8A+5B)t+ (2A— 4B +5C) = 25t> + 0t + 0

v

v

v



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

by 4y 15=0 = M _4\+5=0
>)\:4i§@:2ii = yp(t) = Cie*tcost + Gre®tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

(5A)t?> +(—8A+5B)t+ (2A— 4B +5C) = 25t + 0t 4+ 0
A=s5,
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An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

>y — 4y’ +5=0 = XN —4\+5=0
>)\:4i§@:2ii = yp(t) = Cie*tcost + Gre®tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

(5A) t? + (—8A +5B)t + (2A— 4B +5C) = 25t> + 0t + 0
» A=5 B=2§,
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An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

>y — 4y’ +5=0 = XN —4\+5=0
>)\:4i§@:2ii = yp(t) = Cie*tcost + Gre®tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

(5A)t?> +(—8A+5B)t+ (2A — 4B +5C) = 25t> + 0t + 0
» A=5B=8 C=22/5

v

v

v



An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

>y — 4y’ +5=0 = XN —4\+5=0
>)\:4i§@:2ii = yp(t) = Cie*tcost + Gre®tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

(5A)t?> +(—8A+5B)t+ (2A— 4B +5C) = 25t> + 0t + 0
» A=5 B=8,C=22/5 = y,(t)=>5t>+8t+22/5
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An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

>y —4y' 15=0 = M _4\+5=0

>\ = ‘&é@ =247 = yu(t) = Ce®cost+ Cre*tsint
Guess y,(t) = A’ + Bt + C = yp=2At+B,y, =2A
2A —4(2At + B) +5 (At? 4+ Bt + C) = 25t

(5A)t?> +(—8A+5B)t+ (2A— 4B +5C) = 25t> + 0t + 0
» A=5 B=8,C=22/5 = y,(t)=>5t>+8t+22/5
y(t) = Cie*tcost + Cre®tsint + 5t% + 8t +22/5

y(0)=0 = G+22/5=0= (G =-22/5

Complete as homework (should get C; = 9/5)
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An example

Example: Solve the initial value problem
y"(t)—4y'(t)+5y(t) =25t ; y(0)=0,y'(0)=1

>y —4y' 15=0 = M _4\+5=0

>\ = ‘&é@ =247 = yu(t) = Ce®cost+ Cre*tsint
> Guess y,(t) = At +Bt+C = yp=2At+B,y, =2A
> 2A—4(2At + B) +5 (At? 4+ Bt + C) = 25t

» (5A)t2 + (—8A+5B)t+ (2A— 4B +5C) =25t> 4+ 0t +0
» A=5 B=8,C=22/5 = y,(t)=>5t>+8t+22/5

» y(t) = Ge®*tcost + Cre?tsint + 5t + 8t +22/5

» y(0)=0 = G+22/5=0=(C =-22/5

» Complete as homework (should get C; = 9/5)

> y(t) = —2e’ cost + 2e?tsint + 5t2 + 8t + 2



Undamped, forced, mechanical vibrations

[Example 1.32] What is the long-term behaviour of

k Fo .
"(t) + —=x(t) = — t 7
x"(t) x(t) sinw
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Undamped, forced, mechanical vibrations

[Example 1.32] What is the long-term behaviour of
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"(t) + —x(t) = — t ?
x()—l—mx() —sinw
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» Homogeneous: x” + —x=0 = X4+ —=0
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Xp(t) = Acoswt + Bsinwt
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Undamped, forced, mechanical vibrations

[Example 1.32] What is the long-term behaviour of
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"(t) + —x(t) = — t ?
x()—l—mx() —sinw

k k
» Homogeneous: x” + —x=0 = X4+ —=0
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If wo:=1/—, A==2iwg = xp(t) = C; coswot + G sinwpt
m

xp(t) = Acoswt + Bsinwt (if w # wp)
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Undamped, forced, mechanical vibrations

[Example 1.32] What is the long-term behaviour of

k Fo .
"(t) + —x(t) = — t ?
x()—l—mx() —sinw

k k
» Homogeneous: x” + —x=0 = X4+ —=0
m m

k

> Ifwg =1/ —, A ==%iwg = xx(t) = G coswyt + Cosinwpt
m

> xp(t) = Acoswt + Bsinwt (if w # wp)

» x(t) = Gicoswpt + Cysinwpt + Acoswt + Bsinwt

> /fw = wo, then xp(t) = t (Acoswgt + Bsinwgt)

» x(t) = CGicoswpt + Cysinwpt + t (Acoswpt + Bsinwgt)
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Undamped, forced, mechanical vibrations

What is the long-term behaviour of

Fo .
"(t) + —=x(t) = — t 7
x"(t) x(t) sinw

[Example 1.32]
k
w # wo
x(t) = GCieoswot + Gysinwpt

+ (Acoswt + Bsinwt)

RESONANCE

C1coswot + Gy sinwgt

+t (Acoswot + Bsinwot)
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